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CONSTRUCTING THE FERMION-BOSON VERTEX IN QED3
A. Bashir and A. Raya
Instituto de F´ısica y Matema´ticas, Universidad Michoacana de San Nicola´s de Hidalgo
Apartado Postal 2-82, Morelia, Michoaca´n 58040, Me´xico.
We derive perturbative constraints on the transverse part of the fermion-boson vertex in massive
QED3 through its one loop evaluation in an arbitrary covariant gauge. Written in a particular
form, these constraints naturally lead us to the first non-perturbative construction of the vertex,
which is in complete agreement with its one loop expansion in all momentum regimes. Without
affecting its one-loop perturbative properties, we also construct an effective vertex in such a way
that the unknown functions defining it have no dependence on the angle between the incoming and
outgoing fermion momenta. Such a vertex should be useful for the numerical study of dynamical
chiral symmetry breaking, leading to more reliable results.
PACS numbers: 12.20.Ds, 11.15Tk Preprint number: UMSNH-PHYS/01-6
I. INTRODUCTION
Quantum Electrodynamics in 3-dimensions (QED3) is an attractive model to study the intricacies of Schwinger-
Dyson Equations (SDEs). Due to its simplicity as compared to Quantum Electrodynamics in 4-dimensions (QED4)
and Quantum Chromodynamics (QCD), the corresponding study of dynamical symmetry breaking is relatively neater
in QED3. There exist numerous works both in the quenched and the unquenched approximation in this connection,
e.g., [1]- [10]. An excellent review can be found in [11]. As is well known, the knowledge of the 3-point vertex is
crucial in such studies. In this respect, perturbation theory is a powerful point of reference as it is natural to believe
that physically meaningful solutions of the Schwinger-Dyson equations must agree with perturbative results in the
weak coupling regime. This realization has been exploited in [12–15] to derive constraints on the fermion propagator
and the three-point vertex in massless QED3. In this paper, we extend this work to the more general massive case,
based on [16].
The Ward-Takahashi Identity (WTI) relates the 3-point vertex to the fermion propagator. Using this relation,
a part of the vertex, called longitudinal, can be expressed in terms of the fermion propagator [17]. We evaluate
this propagator to one-loop and hence determine the longitudinal vertex to the same order. We also calculate the
complete vertex to one-loop and a mere subtraction of the longitudinal part yields the transverse part, the one which
is not fixed by the WTI. According to the choice of Ball and Chiu, which was later modified by Kızılersu¨ et. al.
[18], the transverse vertex can be expressed in terms of 8 independent spin structures. The vertex should be free of
any kinematic singularities. Ball and Chiu chose the basis in such a way that the coefficient of each of the basis is
independently free of kinematic singularities in the Feynman gauge. It was later shown by Kızılersu¨ et. al. [18] that
a calculation similar to that of Ball and Chiu in an arbitrary covariant gauge does not have the same nice feature.
Therefore, they proposed a modified basis whose coefficients are free of kinematic singularities in an arbitrary covariant
gauge. The calculation in the present paper confirms that all the vectors of the modified basis also retain this feature
for massive QED3. The final result for the transverse vertex is written in terms of basic functions of the momenta in
a form suitable for its extension to the non-perturbative domain, following the ideas of Curtis and Pennington [19].
Using perturbative constraints as a guide, we carry out a construction of the non-perturbative vertex, which has
no explicit dependence on the coupling α. This vertex has an explicit dependence on the gauge parameter ξ. We
demonstrate in the massless case that a vertex cannot be constructed without an explicit dependence on ξ. For
practical purposes of the numerical study of dynamical chiral symmetry breaking, we also construct an effective
vertex which shifts the angular dependence from the unknown fermion propagator functions to the known basic
functions, without changing its perturbative properties at the one-loop level. We believe that this vertex should lead
to a more realistic study of the dynamically generated masses through the corresponding SDEs.
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II. LONGITUDINAL AND TRANSVERSE VERTEX TO ONE-LOOP
A. The Fermion Propagator
One-loop fermion propagator can be obtained by evaluating the graph in Fig. 1. This graph corresponds to the
following equation :
iS−1F (p) = iS
0
F
−1
(p) + e2
∫
d3k
(2pi)3
γµ S0F (k) γ
ν ∆0µν(q) , (2.1)
where q = k − p and e is the QED coupling constant. The bare fermion and photon propagators are, respectively :
S0F (p) =
1
6p−m ,
∆0µν(q) = −
[
q2gµν + (ξ − 1)qµqν
]
/q4 , (2.2)
where m is the bare mass of the fermion and ξ is the covariant gauge parameter. We define the full fermion propagator
SF (p) in the most general form as :
SF (p) =
F (p2)
6p−M(p2) . (2.3)
Taking the trace of Eq. (2.1), having multiplied it with 6 p and with 1 respectively, one can obtain two independent
equations. On simplifying, these equations can be written as :
1
F (p2)
= 1 + i4piαξ
1
p2
∫
d3k
(2pi)3
1
q4(k2 −m2)
[
(k2 + p2)k · p− 2k2p2] , (2.4)
M(p2)
F (p2)
= m− i4piα (ξ + 2)
∫
d3k
(2pi)3
m
q2(k2 −m2) , (2.5)
where α = e2/4pi. On Wick rotating to the Euclidean space and carrying out angular and radial integrations, we
arrive at :
1
F (p2)
= 1− αξ
2p2
[
m− (m2 + p2) I(p2)] ,
M(p2)
F (p2)
= m
[
1 + α(ξ + 2) I(p2)
]
, (2.6)
where we have used the simplifying notation I(p2) = (1/
√
−p2) arctan
√
−p2/m2. Equations (2.3) and (2.6) form the
complete fermion propagator at one loop.
B. Longitudinal Vertex to One Loop
The full vertex satisfies WTI
qµΓ
µ(k, p) = S−1F (k)− S−1F (p) . (2.7)
This relation allows us to decompose the full vertex into longitudinal (ΓµL(k, p)) and transverse (Γ
µ
T (k, p)) parts :
Γµ(k, p) = ΓµL(k, p) + Γ
µ
T (k, p) , (2.8)
where the transverse part satisfies
qµΓ
µ
T (k, p) = 0 and Γ
µ
T (p, p) = 0 (2.9)
2
and hence remains undetermined by WTI. Following the work of Ball and Chiu, we can define the longitudinal
component of the vertex in terms of the fermion propagator as
ΓµL =
γµ
2
[
1
F (k2)
+
1
F (p2)
]
+
1
2
(6k + 6p)(k + p)µ
(k2 − p2)
[
1
F (k2)
− 1
F (p2)
]
+
(k + p)µ
(k2 − p2)
[M(k2)
F (k2)
− M(p
2)
F (p2)
]
. (2.10)
On substituting Eq. (2.6) into the above expression, we obtain
ΓµL =
[
1 +
αξ
4
σ1
]
γµ +
αξ
4
σ2 [k
µ 6k + pµ 6p + kµ 6p + pµ 6k] + α(ξ + 2)σ3 [kµ + pµ] , (2.11)
where
σ1 =
m2 + k2
k2
I(k2) +
m2 + p2
p2
I(p2) − mk
2 + p2
k2p2
,
σ2 =
1
k2 − p2
[
m2 + k2
k2
I(k2) − m
2 + p2
p2
I(p2) + m
k2 − p2
k2p2
]
,
σ3 = m
[
I(k2) − I(p2)] . (2.12)
Eqs. (2.11) and (2.12) give the longitudinal part of the fermion-photon vertex to one loop for the massive QED3.
C. Transverse Vertex to One-Loop
The vertex of Fig. 2 can be expressed as
Γµ(k, p) = γµ + Λµ . (2.13)
Using the Feynman rules, Λµ to O(α) is simply given by :
− ieΛµ =
∫
M
d3w
(2 pi)3
(−ieγα)iS 0F (p− w)(−ieγµ)iS 0F (k − w)(−ieγβ)i∆0αβ(w) , (2.14)
where the loop integral is to be performed in Minkowski space. Λµ can be expressed as :
Λµ = − i α
2 pi2
{[
γα 6p γµ 6kγα +m(4kµ + 4pµ − 6pγµ − γµ 6k)−m2γµ
]
J (0)
− [γα 6p γµγνγα + γαγνγµ 6kγα + 6mgµν ] J (1)ν + γαγνγµγλγαJ (2)νλ
+(ξ − 1)
[
γµK (0) − [γν 6p γµ + γµ 6k γν + 2mgµν ] J (1)ν
+
[
γν 6p γµ 6k γλ +m( γν 6p γµ γλ + γν γµ 6k γλ) +m2 γν γµ γλ] I (2)νλ
]}
, (2.15)
where the integrals K(0), J (0), J
(1)
µ , J
(2)
µν , I(0), I
(1)
µ and I
(2)
µν are :
K (0) =
∫
M
d3w
1
[(p− w)2 −m2] [(k − w)2 −m2]
J (0) =
∫
M
d3w
1
w2 [(p− w)2 −m2] [(k − w)2 −m2]
J (1)µ =
∫
M
d3w
wµ
w2 [(p− w)2 −m2] [(k − w)2 −m2]
J (2)µν =
∫
M
d3w
wµwν
w2 [(p− w)2 −m2] [(k − w)2 −m2]
3
I (0) =
∫
M
d3w
1
w4 [(p− w)2 −m2] [(k − w)2 −m2]
I (1)µ =
∫
M
d3w
wµ
w4 [(p− w)2 −m2] [(k − w)2 −m2]
I (2)µν =
∫
M
d3w
wµwν
w4 [(p− w)2 −m2] [(k − w)2 −m2] . (2.16)
We evaluate these integrals following the techniques developed in [12,13,17,18]. The results are tabulated in the
appendix, employing the notation ∆2 = (k · p)2 − k2p2 and X0 = (2/ipi2)X(0) for X = I, J,K. Having calculated the
vertex to O(α), Eq. (2.15), we can subtract from it the longitudinal vertex, Eqs. (2.11) and (2.12), and obtain the
transverse vertex to O(α). Following the scheme provided by Ball and Chiu [17], and modified later by Kızılersu¨ et.
al. [18], the transverse vertex ΓµT (k, p) can be written in terms of 8 basis vectors as follows :
ΓµT (k, p) =
8∑
i=1
τi(k
2, p2, q2)T µi (k, p) , (2.17)
where
T µ1 = [p
µ(k · q)− kµ(p · q)]
T µ2 = [p
µ(k · q)− kµ(p · q)] (6k + 6p)
T µ3 = q
2γµ − qµ 6q
T µ4 = q
2 [γµ(6k + 6p)− kµ − pµ]− 2(k − p)µkλpνσλν
T µ5 = qνσ
νµ
T µ6 = −γµ(k2 − p2) + (k + p)µ 6q
T µ7 = −
1
2
(k2 − p2) [γµ(6k + 6p)− kµ − pµ] + (k + p)µkλpνσλν
T µ8 = −γµkνpλσνλ + kµ 6p− pµ 6k ,
with σµν=
1
2
[γµ, γν ] . (2.18)
After a lengthy but straightforward algebra, the coefficients τi can be identified. We prefer to write these out in the
following form :
τi(k, p) = αgi

 5∑
j
aij(k, p)I(l
2
j ) +
ai6(k, p)
k2p2

 i = 1, 2, · · · 8 , (2.19)
where l21 = η
2
1χ/4, l
2
2 = η
2
2χ/4, l
2
3 = k
2, l24 = p
2 and l25 = q
2/4. Functions η1, η2 and χ have been defined in the
appendix, Eqs. (4.2). Similarly, the factors gi are −g1 = m∆2g2 = 2m∆2g3 = 2∆2g4 = g5 = 2m∆2g6 = ∆2g7 =
mg8 = m/4∆
2. The coefficients aij(k, p) have also been tabulated in the appendix, Eqs. (4.14). An important point
to note is that these coefficients do not contain any trigonometric function, as it has been extracted out for raising
the τi to a non-perturbative status. The τi have the required symmetry under the exchange of vectors k and p. All
the τi are symmetric except τ4 and τ6 which are antisymmetric. Note that the form in which we write the transverse
vertex makes it clear that each term in all the τi is either proportional to αI(l
2) or α/(k2p2). We shall see that this
form provides us with a natural scheme to arrive at its simple non-perturbative extension.
A few comments in comparison with the work by Davydychev et. al. [19], are as follows: (i) None of the τi we
have calculated has kinematic singularity when k2 → p2. This clearly suggests that the choice of the τi suggested
by Kızılersu¨ et. al. is preferred over the one of Ball and Chiu (in QED3 as well) used by Davydychev et. al. [19].
In particular our τ4 and τ7 are independent of kinematic singularities. (ii) In three dimensions, their factorization of
the common constant factor in Eq. (E.1) is singular. However, as the divergences completely cancel out, we find our
expressions more suitable for writing the transverse vertex in three dimensions. (iii) With the way we express J0, all
the τi are written in terms of basic functions of k and p and a single trigonometric function of the form I(l
2). This
form plays a key role to enable us to make an easy transition to the possible non-perturbative structure of the vertex,
as explained in the next section. Moreover, with the given form of J0, a direct comparison can be made with the
massless case.
4
III. NON-PERTURBATIVE FORM OF THE VERTEX
A. On the Gauge Parameter Dependence of the Vertex
Let us first look at the τi in the simplified massless case, with the notation k =
√−k2, p =
√
−p2 and q =
√
−q2
[12,13],
τ2 =
αpi
4
1
kp(k + p)(k + p+ q)2
[
1 + (ξ − 1) 2k + 2p+ q
q
]
, (3.1)
τ3 =
αpi
8
1
kpq(k + p+ q)2
[
4kp+ 3kq + 3pq + 2q2 + (ξ − 1) (2k2 + 2p2 + kq + pq)] ,
(3.2)
τ6 =
αpi(2 − ξ)
8
k − p
kp(k + p+ q)2
, (3.3)
τ8 =
αpi(2 + ξ)
2
1
kp(k + p+ q)
. (3.4)
It is interesting to note that the existence of the factor
k − p
kp
= −
(
1
k
− 1
p
)
in Eq. (3.3) puts τ6 on a different footing as compared to the rest of the τi. The reason is that in the massless limit,
the fermion propagator is simply
1
F (p2)
= 1 +
piαξ
4
1
p
,
implying
1
F (k2)
− 1
F (p2)
∝
[
1
k
− 1
p
]
.
Therefore, the relation of τ6 with the fermion propagator of the type [1/F (k
2) − 1/F (p2)] seems to arise rather
naturally :
τ6 = − 1
2ξ
2− ξ
(k + p+ q)2
[
1
F (k2)
− 1
F (p2)
]
, (3.5)
as noticed first by Curtis and Pennington [20]. In the rest of the τi, the factor 1/k− 1/p does not arise. However, one
could introduce it by hand to arrive at the following expressions :
τ2 = −1
ξ
1
(k2 − p2)(k + p+ q)2
(
1 + (ξ − 1) 2k + 2p+ q
q
) [
1
F (k2)
− 1
F (p2)
]
(3.6)
τ3 = − 1
2ξ
1
q(k − p)(k + p+ q)2
[
4kp+ 3kq + 3pq + 2q2 + (ξ − 1) (2k2 + 2p2 + kq + pq)] [ 1
F (k2)
− 1
F (p2)
]
(3.7)
τ8 = −2(2 + ξ)
ξ
1
(k − p)(k + p+ q)
[
1
F (k2)
− 1
F (p2)
]
. (3.8)
Eqs. (3.5-3.8) represent a non-perturbative vertex which is in agreement with its complete one-loop expansion. This
vertex has been constructed in accordance with the form advocated, e.g., in [2,20,21]. There are a couple of important
points which need to be discussed here:
• There is an explicit dependence on the gauge parameter, ξ. A widespread belief has been that the gauge
dependence of the vertex should solely arise through functions F (k2) and F (p2), and there should be no explicit
appearance of the gauge parameter ξ. Such a belief has been expressed (or is reflected) in various works to date,
e.g., [2,3,10,20,21]. Here we show that at least in massless QED3, such a construction is not possible.
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• One of the main reasons that the transverse vertex was believed to be proportional to the factor[
1
F (k2)
− 1
F (p2)
]
was the assumption that the transverse vertex vanishes in the Landau gauge. This assumption was based upon
the one-loop calculation of the vertex in QED4 in the limit when the momentum in one of the fermion legs is much
greater as compared to the momentum in the other fermion leg [20]. A complete one-loop calculation reveals
that the transverse vertex does not vanish in the Landau gauge. Moreover, an explicit presence of the gauge
parameter in the non-perturbative form of the vertex tells us that the presence of the factor [1/F (k2)−1/F (p2)]
is no longer a guarantee that the transverse vertex vanishes in the Landau gauge.
We now show that the explicit dependence of the vertex on the gauge parameter ξ is unavoidable in massless QED3.
We notice that at the one loop level, each of the τi can be written in the following form :
τi(k, p, q) = αξ ai(k, p, q) + α bi(k, p, q) .
On the other hand, Eq. (2.6) yields the following form for F :
1
F (p2)
= 1 + αξ ci(p) .
If we want to write the non-perturbative form of the τi in terms of 1/F (p
2) and 1/F (k2) alone and we do not expect
explicit presence of α, the only way to get rid of ξ dependence is to have
b2 T
µ
2 + b3 T
µ
3 + b6 T
µ
6 + b8 T
µ
8 = 0 .
It is not possible as T µi form a linearly independent set of basis vectors. Therefore, any construction of the 3-point
vertex will surely have an explicit dependence on the gauge parameter. Owing to these reasons, we realize that to
demand the transverse vertex to be proportional to [1/F (k2)−1/F (p2)] is artificial (apart from τ6) and is not required.
Therefore, we do not pursue this line of action anymore. In the next section, we move on to construct the vertex for
the massive case inspired from our perturbative results.
B. Non-perturbative Vertex
As pointed out in the previous section, each term in all the τi is either proportional to the trigonometric function
αI(l2) or α/(k2p2). On the other hand, the perturbative expressions for M(p2) and F (p2), Eqs. (2.6), permit us to
write :
1
F (k2)
− 1
F (p2)
=
α
k2p2
ξ
2
[
k2
{
m− (m2 + p2)I(p2)} − p2 {m− (m2 + k2)I(k2)}] (3.9)
and
ξ
2(2 + ξ)l2I(l2)
[M(l2)
F (l2)
−m
]
−
[
1− 1
F (l2)
]
=
ξ(m2 + l2)
2l2
αI(l2) . (3.10)
In the massless limit, Eq. (3.9) simply reduces to
1
F (k2)
− 1
F (p2)
=
αpiξ
4
[
1
k
− 1
p
]
in the Euclidean space, as expected. It was in fact an analogous massless expression in the limit when k >> p that
inspired Curtis and Pennington, [20], to propose their famous vertex in QED4. Here, we are extending the reasoning
to all the momentum regimes in the massive QED3. Fortunate simultaneouss occurrence of the factor α/(k2p2) in
all the 8 Eqs. (2.19) and Eq. (3.9), and the presence of the same trigonometric factor I(l2) in the expressions for the
vertex as well as the propagator, one naturally arrives at the following non-perturbative form of τi :
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τi = gi
{
5∑
j=1
(
2aij(k, p)l
2
j
ξ(m2 + l2j )
[
ξ
2(ξ + 2)l2jI(l
2
j )
(
M(l2j )
F (l2j )
−m
)
−
(
1− 1
F (l2j )
)])
+
2ai6(k, p)
ξ [k2 {m− (m2 + p2)I(p2)} − p2 {m− (m2 + k2)I(k2)}]
[
1
F (k2)
− 1
F (p2)
]}
. (3.11)
By construction, in the weak coupling regime, this non-perturbative form of the transverse vertex reduces to its
corresponding Feynman expansion at the one loop level in an arbitrary covariant gauge and in all momentum regimes.
We would like to emphasize that this is not a unique non-perturbative construction. However, it is probably the
most natural and the simplest. A two loop calculation similar to the one presented in our paper, and the Landau-
Khalatnikov transformation law for the vertex should serve as tests of Eq. (3.11) or guides for improvement towards
the hunt for the exact non-perturbative vertex. On practical side, the use of our perturbation theory motivated
vertex in studies addressing important issues such as dynamical mass generation for fundamental fermions should
lead to more reliable results, attempting to preserve key features of gauge field theories, e.g., gauge independence
of physical observables. A computational difficulty to use the above vertex in such calculations could arise as the
unknown functions F and M depend on the angle between k and p. This would make it impossible to carry out
angular integration analytically in the SDE for the fermion propagator. This problem can be circumvented by defining
an effective vertex which shifts the angular dependence from the unknown functions F and M to the known basic
functions of k and p. This can be done by re-writing the perturbative results, Eq. (2.19), as follows :
τi(k, p) = αgi
[
bi1(k, p)I(k
2) + bi2(k, p)I(p
2) +
ai6(k, p)
k2p2
]
, (3.12)
where
bi1(k, p) = ai1(k, p)
I(l21)
I(l23)
+ ai3(k, p) +
1
2
ai5(k, p)
I(l25)
I(l23)
, (3.13)
bi2(k, p) = ai2(k, p)
I(l22)
I(l24)
+ ai4(k, p) +
1
2
ai5(k, p)
I(l25)
I(l24)
. (3.14)
This form can now be raised to a non-perturbative level exactly as before, with the only difference that the functions
F and M are independent of the angle between the momenta k and p :
τi = gi
{
2∑
j=1
(
2bij(k, p)κ
2
j
ξ(m2 + κ2j)
[
ξ
2(ξ + 2)κ2jI(κ
2
j)
(
M(κ2j)
F (κ2j )
−m
)
−
(
1− 1
F (κ2j )
)])
+
2ai6(k, p)
ξ [k2 {m− (m2 + p2)I(p2)} − p2 {m− (m2 + k2)I(k2)}]
[
1
F (k2)
− 1
F (p2)
]}
, (3.15)
where κ21 = k
2 and κ22 = p
2.
IV. CONCLUSIONS
In this paper, we calculate one loop fermion-boson vertex in QED3 in an arbitrary covariant gauge and write out the
result in a form which naturally allows us to construct its non-perturbative counterpart. This is the first construction of
the non-perturbative vertex which agrees with its Feynman expansion in the weak coupling regime at the one loop level
in all momentum regimes and in arbitrary covariant gauge. For practical numerical purposes, we also suggest a simple
effective vertex which shifts its angular dependence (angle between the incoming and outgoing fermion momenta)
from the fermion functions to the known basic functions of the momenta involved, without affecting its perturbative
properties at the one-loop level. Currently, the work is underway to use this vertex in numerical calculations of
dynamical mass generation for the fundamental fermions. We also plan to compare its gauge dependence against the
one demanded by its Landau-Khalatnikov transformation [22,23] in a non-perturbative fashion.
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APPENDIX
Following are the results of the integrals listed in Eqs. (2.16) :
J(0):
J0 =
[
− η1(k, p)I
(
η1
2χ
4
)
+ η2(k, p)I
(
η2
2χ
4
)]
, (4.1)
with
η1(k, p) = −
{
m2(k2 − p2)(2m2 − k2 − p2) + χ
χ(m2 − k2)
}
,
η2(k, p) = −η1(k, p) ,
χ = m2(k2 − p2)2 + q2(k2 −m2)(p2 −m2) . (4.2)
K(0):
K(0) = ipi2 I(q2/4) . (4.3)
J
(1)
µ :
J (1)µ =
ipi2
2
{kµJA(k, p) + pµJB(k, p)} , (4.4)
where
JA(k, p) = − 2
∆2
{[
p2(k2 − k · p)−m2(p2 − k · p)] J0
4
+ k · p I(k2)− p2 I(p2) + 1
2
(p2 − k · p) I(q2/4)
}
,
JB(k, p) = JA(p, k) . (4.5)
J
(2)
µν :
J (2)µν =
ipi2
2
{
gµν
3
K0 +
(
kµkν − gµν k
2
3
)
JC +
(
pµkν + kµpν − gµν 2k · p
3
)
JD +
(
pµpν − gµν p
2
3
)
JE
}
, (4.6)
where
JC(k, p) =
1
∆2
{[
p2(k · p− 2k2)−m2(k · p− 2p2)] JA
2
− p2(p2 −m2) JB
2
+
k · p
k2
(m2 − k2) I(k2) + 1
2
(k · p+ p2) I(q2/4) −mk · p
k2
}
,
JD(k, p) =
1
2∆2
{ [
k2(3k · p− p2)−m2(3k · p− k2)] JA
2
+
[
p2(3k · p− k2)−m2(3k · p− p2)] JB
2
−(m2 − k2) I(k2)− (m2 − p2)I(p2)− 1
2
(k + p)2 I(q2/4) + 2m
}
,
JE(k, p) = JC(p, k) . (4.7)
I(0):
I(0) =
1
χ
{
q2(m2 + k · p)J (0) + ipi2mL
}
, (4.8)
where
8
L =
q2(k2 −m2)− (k2 − p2)(k2 +m2)
(k2 −m2)2 +
q2(p2 −m2) + (k2 − p2)(p2 +m2)
(p2 −m2)2 . (4.9)
I
(1)
µ :
I (1)µ =
ipi2
2
[kµIA(k, p) + pµIB(k, p)] , (4.10)
where
IA(k, p) =
2
∆2
{[
k · p(p2 −m2)− p2(k2 −m2)] I0
4
+ p · q J0
4
+
mp2
(m2 − p2)2 −
mk · p
(m2 − k2)2
}
,
IB(k, p) = IA(p, k) . (4.11)
I
(2)
µν :
I (2)µν =
ipi2
2
{
gµν
3
J0 +
(
kµkν − gµν k
2
3
)
IC +
(
pµkν + kµpν − gµν 2k · p
3
)
ID +
(
pµpν − gµν p
2
3
)
IE
}
, (4.12)
where
IC(k, p) =
1
∆2
{
p2 J0 +
[
p2(k · p− 2k2)−m2(k · p− 2p2)] IA
2
− p2(p2 −m2) IB
2
+(k · p− 2p2) JA
2
− p2 JB
2
− k · p
k2
I(k2) +
mk · p
k2(m2 − k2)
}
,
ID(k, p) =
1
2∆2
{
− 2k · p J0 +
[
k2(3k · p− p2)−m2(3k · p− k2)] IA
2
+
[
p2(3k · p− k2)−m2(3k · p− p2)] IB
2
+(3k · p− k2) JA
2
+ (3k · p− p2) JB
2
+ I(k2) + I(p2) − m
m2 − k2 −
m
m2 − p2
}
,
IE(k, p) = IC(p, k) . (4.13)
The coefficients aij in the one loop perturbative expansion of the τi, Eq. (2.19), are tabulated below :
a11(k, p) = −(ξ + 2)η1(m2 + k · p)
a12(k, p) = a11(p, k)
a13(k, p) = 4(ξ + 2)
(k2 + k · p)
(k2 − p2)
a14(k, p) = a13(p, k)
a15(k, p) = −2(ξ + 2)
a16(k, p) = 0
a21(k, p) = −η1
{[
−q
2
2
m4 +
{
(k · p)2 − (k2 + p2)(k · p) + k2p2}m2 − q2
4
{
(k · p)2 + k2p2}]
+
(ξ − 1)
2χ
[
− q4m8 − q2 {(k · p)2 + 2(k2 + p2)k · p− 5k2p2}m6 + 3
2
q2(k2 + p2)∆2m4
+
{
2(k4 + p4 + k2p2)(k · p)3 − 7k2p2(k2 + p2)(k · p)2 + 10k4p4k · p− k4p4(k2 + p2)
}
m2
+
1
2
k2p2q2
{
(k2 + p2)(k · p)2 − 4k2p2k · p+ k2p2(k2 + p2)} ]
}
a22(k, p) = a21(p, k)
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a23(k, p) =
1
(k2 − p2)
[
ξ
{
(k · p)3 + k2(k · p)2 − 3k2p2k · p+ 2k4k · p+ k4p2 − 2k6}m2/k2
+ (k · p)3 + (2k2 − p2)(k · p)2 + k2p2k · p− 2k4k · p− k2p4
+ (ξ − 1){(k · p)3 + p2(k · p)2 − 3k2p2k · p+ 2k4k · p+ k2p4 − 2k4p2}
]
a24(k, p) = a23(p, k)
a25(k, p) = q
2(m2 + k · p) + (ξ − 1)(q2m2 + (k · p)2 − (k2 + p2)k · p) + k2p2)
a26(k, p) = m∆
2
{
k · p+ (ξ − 1)
χ
[
q2k · pm4 + 2(k2 + p2)∆2m2 − k2p2 {2(k · p)2 + (k2 + p2)k · p− 4k2p2} ]
}
a31(k, p) = −η1
2
{[{−2(k · p)2 + k4 + p4}m4 + 2{(k2 + p2)(k · p)2 + (k2 − p2)2 k · p− k2p2(k2 + p2)}m2
+
1
2
{−4(k · p)4 + (k2 + p2)2(k · p)2 + k2p2(k2 − p2)2}
]
+
(ξ − 1)
χ
[
q2
{−2(k · p)2 + k4 + p4}m8
+ 2
{
(k2 + p2)[−2(k · p)3 + (k2 + p2)(k · p)2 + (k4 + p4)k · p]− k2p2(3k4 + 3p4 − 2k2p2)
}
m6
− 3
2
q2∆2(k2 − p2)2m4 − 2
{
(k2 + p2)(k4 + p4 − 4k2p2)(k · p)3 − k2p2(k4 + p4 − 6k2p2)(k · p)2
+ 2k4p4(k2 + p2)k · p− k4p4(k2 + p2)2
}
m2 − 1
2
k2p2q2
{
(k4 + p4 − 6k2p2)(k · p)2 + k2p2(k2 + p2)2
}]}
a32(k, p) = a31(p, k)
a33(k, p) = ξ
{
(k · p)3 − k2(k · p)2 − 3k2p2k · p+ 2k4k · p− k4p2 + 2k6}m2/k2
+ (ξ − 2){(k · p)3 − (2k2 − p2)(k · p)2 + k2p2k · p− 2k4k · p+ k2p4}
a34(k, p) = a33(k, p)
a35(k, p) = −(k4 + p4 − 2(k · p)2)
[
ξm2 + (ξ − 2)k · p]
a36(k, p) = −m∆2
{
k · p(k2 + p2) + 2k2p2 + (ξ − 1)
χ
[
q2
{
(k2 + p2)k · p+ 2k2p2}m4 + 2(k2 + p2)2∆2m2
− k2p2(k + p)2 {(k2 + p2)k · p− 2k2p2} ]
}
a41(k, p) = −η1(ξ − 1)(k
2 − p2)
2χ
[
− q4m6 + 3q2 {−(k2 + p2)k · p+ 2k2p2}m4
+
{
(k · p)2[4(k · p)2 − 3k4 − 3p4 − 26k2p2] + k2p2[24(k2 + p2)k · p− 3k4 − 3p4 − 14k2p2)]
}m2
2
+
q2
2
{
(k2 + p2)(k · p)3 + 2k2p2(k · p)2 − 3k2p2(k2 + p2)k · p+ 2k4p4
}]
a42(k, p) = −a41(p, k)
a43(k, p) =
(ξ − 1)
k2
[
(k2 + k · p)(k · p)2 + k2(2k2 − 3p2)k · p+ k4(p2 − 2k2)]
a44(k, p) = −a43(p, k)
a45(k, p) = (ξ − 1)(k2 − p2)q2
a46(k, p) = m(ξ − 1)(k2 − p2)∆
2
χ
[
q2k · pm2 + 2(k2 + p2)(k · p)2 − 2k2p2k · p− k2p2(k2 + p2)]
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a51(k, p) = −η1
{
∆2 +
(ξ − 1)
4χ
[
− 2q4m6 + 6q2 {2k2p2 − (k2 + p2)k · p}m4 − 6k2p2q4m2
− q2 {(k2 − p2)2(k · p)2 + 2k2p2(k2 + p2)k · p− k2p2(k2 + p2)2}
]}
a52(k, p) = a51(p, k)
a53(k, p) =
(ξ − 1)
k2
[
(k · p)2 + 2k2k · p− k2(2k2 + p2)]
a54(k, p) = a53(p, k)
a55(k, p) = (ξ − 1)q2
a56(k, p) = −m(ξ − 1)∆
2
χ
[
q2(k2 + p2)m2 + 2(k4 + p4)k · p− 2k2p2(k2 + p2)]
a61(k, p) = −η1 (k
2 − p2)
2
[
q2m4 − 2{(k · p)2 − (k2 + p2)k · p+ k2p2}m2 + q2
2
{
(k · p)2 + k2p2}
+
q2(ξ − 1)
χ
[
q2m8 + 2
{
(k · p)2 + (k2 + p2)k · p− 3k2p2}m6 − 3
2
q2∆2m4
− 2{(k2 + p2)(k · p)3 − k2p2(k · p)2 − k4p4}m2 − 1
2
k2p2q2
{
(k · p)2 + k2p2}
]]
a62(k, p) = −a61(p, k)
a63(k, p) = −
[
ξ
{
(k2 + k · p)(k · p)2 + k2(2k2 − 3p2)k · p− k4(2k2 − p2)}m2/k2
+ (ξ − 2){(2k2 − p2 + k · p)(k · p)2 − k2(2k2 − p2)k · p− k2p4}
]
a64(k, p) = −a63(p, k)
a65(k, p) = −q2(k2 − p2)
[
ξm2 − (ξ − 2)k · p]
a66(k, p) = −m(k2 − p2)∆2
[
k · p+ (ξ − 1)
χ
(
q2k · pm4 + 2(k2 + p2)∆2m2 − k2p2q2k · p)
]
a71(k, p) = −η1(ξ − 1)
4χ
[
− 2q6m6 − 6q4 {(k2 + p2)(k · p)− k2p2}m4
− 3q2 {((k · p)2 + k2p2)(k4 + p4 + 6k2p2)− 8k2p2(k2 + p2)k · p}m2
+ q2
{
(k2 − p2)2(k · p)3 + 4k2p2(k2 + p2)(k · p)2 − k2p2(3k4 + 3p4 + 10k2p2)k · p+ 4k4p4(k2 + p2)
}]
a72(k, p) = a71(p, k)
a73(k, p) = (ξ − 1)(k
2 − k · p)
k2
(
(k · p)2 + 4k2k · p− 2k4 − 3k2p2)
a74(k, p) = a73(p, k)
a75(k, p) = (ξ − 1)q4
a76(k, p) = m(ξ − 1)∆
2
χ
[
q2
{
(k2 + p2)k · p− 2k2p2
}
m2
+ 2(k4 + p4)(k · p)2 − 4k2p2(k2 + p2)k · p− k2p2(k4 + p4 − 6k2p2)
]
a81(k, p) = −η1 (ξ + 2)
2
q2(m2 + k · p)
a82(k, p) = a81(p, k)
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a83(k, p) = 2(ξ + 2)k · q
a84(k, p) = a83(p, k)
a85(k, p) = −(ξ + 2)q2
a86(k, p) = 0 . (4.14)
[1] Y. Hoshino and T. Matsuyama, Phys. Lett. B222 493 (1989).
[2] C.J. Burden and C.D. Roberts, Phys. Rev. D44 540 (1991).
[3] Z. Dong, H.J. Munczek and C.D. Roberts, Phys. Lett. B333 544 (1994).
[4] R.D. Pisarski, Phys. Rev. D29 2423 (1984).
[5] T.W. Applequist, M. Bowick, D. Karabali and L.C.R. Wijewardhana, Phys. Rev. D33 3704 (1986).
[6] T. Applequist and D. Nash, Phys. Rev. Lett. 60 2575 (1988).
[7] M.R. Pennington and D. Walsh, Phys. Lett. B253 246 (1991).
[8] D.C. Curtis, M.R. Pennington and D. Walsh, Phys. Lett. B295 313 (1992).
[9] P. Maris, Phys. Rev. D54 4049 (1996).
[10] C.J. Burden and P.C. Tjiang, Phys Rev. D58 085019 (1998).
[11] C.D. Roberts and A.G. Williams, Prog. Part. Nucl. Phys. 33 477 (1994).
[12] A. Bashir, A. Kızılersu¨ and M.R. Pennington, ADP-99-8/T353, DTP-99/76, hep-ph/9907418.
[13] A. Bashir, A. Kızılersu¨ and M.R. Pennington, Phys. Rev. D62 085002 (2000).
[14] A. Bashir, Proceedings of the Workshop on Light-Cone QCD and Non-perturbative Hadron Physics, University of Adelaide,
Adelaide, Australia, 227 (2000).
[15] A. Bashir, Phys. Lett. B491 280 (2000).
[16] A. Raya, talk given in the IX University Meeting of Scientific Research, University of Michoaca´n, Morelia, Me´xico, December
6 (1999).
[17] J.S. Ball and T.-W. Chiu, Phys. Rev. D22 2542 (1980).
[18] A. Kızılersu¨, M. Reenders and M.R. Pennington, Phys. Rev. D52 1242 (1995).
[19] A.I. Davydychev, P. Osland and L. Saks, Phys. Rev. D63 014022 (2001).
[20] D.C. Curtis and M.R. Pennington, Phys. Rev. D42 4165 (1990).
[21] A. Bashir and M.R. Pennington, Phys. Rev. D50 7679 (1994).
[22] C.J. Burden and C.D. Roberts, Phys. Rev. D47 5581 (1993).
[23] L.D. Landau and I.M. Khalatnikov, Zh. Eksp. Teor. Fiz. 29 89 (1956) [Sov. Phys. JETP, 2 69 (1956)]
B. Zumino, J. Math. Phys. 1 1 (1960);
12
Figures
p p k
q
= -
-
1
-
1
Fig. 1. One loop correction to the fermion propagator.
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Fig. 2. One loop correction to the vertex.
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